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Abstract

We show that the Classical Constraint Algebra of a Parametrized Relativistic Gauge System
induces a natural structure of Conformal Foliation on aTransversal Gauge. Using the theory of
conformal foliations, we provide a natura Factor Ordering for the quantum operators associated
to the canonical quantization of such gauge system.
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1. Introduction

The purpose of this paper is to show that the theory of Conformal Foliations, as de-
veloped a few years ago by Montesinos, Vaisman, and others, helps the understanding of
Congtraint (Dirac) Quantization of Parametrized Relativistic Gauge Systems by providing
a natura solution for the so-called Factor Ordering Problem in the Quantum Operators
corresponding to the Classical Constraints Hy = 0 = H (see discussion in [8.5]).

We follow Hajic€k/Kuchat’s philosophy, developed in a series of papers (see [5-8]).
but here we adopt modem differential geometric methods (in the spirit of [12] or [ 13 )
to construct the natural quantum operators and deduce the corresponding Commutator
Algebra. We hope that the use of the theory of conforma foliations helps to clarify the
essential unique geometric character of Hajic€k/Kuchai’s quantization method, as well as
the naturality in the choice of the quantum operators.

The paper is organized as follows. In Section 2, we redefine the model, introduced in [5].
of Parametrized Relativistic Gauge System (where it will be called only a Gauge System).
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using symplectic geometry (see [1], [3] or [4]). Section 3 discusses the Transversal Geom-
etry of the Gauge Foliation F, in terms of the choice of a transversal distribution 7, and
shows that the mathematical structure deduced from the classical Constraint Algebra (9),
(10), is that of a conformal foliation with Complementary Form A = —$2 (see Definition
4.1). Section 4 reviews the geometry of conformal foliations following closely [10,14]. We
introduce a Conformal Curvature Tensor C (see (61)) and the unique g-Riemannian con-
nection V on (7, g) such that C is conformally invariant (see Theorem 4.4). In particular,
this seems to be the connection introduced in [6] using a substantial different formalism.
Then, we define a Scalar Curvature S (see Definition 4.11), a Transversal Laplacian (see
Definition 4.13), constructed from the above-mentioned connection, and deduce some use-
ful identities (see Lemmas 4.8, 4.10 and 4.12). Finally, in Section 5, we implement the
Constraint (Dirac) Quantization Program, defining the quantum operators and computing
the Quantum Commutator Algebra (see Theorems 5.1 and 5.4). The more relevant formulas
are deduced in Appendix A.

2. Symplectic geometry of gauge systems

The situation we have in mind is the following. Let M be an (N + 1)-dimensional smooth
manifold, 7*M its cotangent bundle, together with its canonical symplectic form @ = d6,
and (C*(T*M), {,}) the Poisson algebra of C°*°-functions on T*M.

Assume that we have a v-dim integrable distribution D (a subbundle of 7' M) and let F be
the corresponding foliation on M. The leaves of F describe Gauge Equivalent or physically
indistinguishable configurations on M. We call the pair (M, F) a Gauge System. When F
is simple, then m = M/F is called the physical space and 7*m the physical phase space
of the gauge system.

We consider now a special subalgebra of (C°°(T*M),{,}), consisting of functions, at
most Linear in Momenta, linearly generated by the following two types of functions.

(i) Configuration Functions — functions F € C*° (M), identified with their pullbacks to
T*M.

(ii) Momentum Functions — to each vector field X € X' (M) we associate the corresponding
Momentum Function Jx defined by

Jx(@g) = ap(Xg), YapeT*M. )
The following Poisson brackets characterize the kinematics of the system.

Proposition 2.1 ([1]).
(i) {F1, 2} =0,

(i) {F,Jx}=XF,

(i) {Jx,Jr} = —Jx. -

VF|,F, € C®(M), VYX,Y € X(M).
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In particular, we consider momentum functions of the form Jx with X € I'D (i.e, X
is a vector field on M, tangent to F) which we call Constraint Functions. They form a
subalgebra of (C*°(T*M), (,}) called the (linear) Gauge Algebra G of the system. Using
this, we define now the Constraint SetC C T*M by

C={ageT*M: Jx(ag) =0,YX € I'D). (2)

Note that C is the subbundle DP of T* M, consisting of the covectors that vanish on D and,
therefore, that C is a coisotropic submanifold in 7*M (a first class constraint set, in Dirac’s
terminology). When we consider the closed 2-form i*w (where i : C — T*M is inclusion),
we see that it is degenerate and its characteristic distribution X’ = ker(i*w) is integrable and
locally generated by the Hamiltonian vector fields associated to the constraint functions.
The quotient (if it exists) of C by the characteristic foliation determined by X, S = C/K
has a unique symplectic form wgs such that 7*ws = i*w (see [1], [3] or [4]):

C- 1M
l P
S=C/K
Also if Fj, F, € C*®(T*M) are two functions constant on the leaves of the character-

istic foliation, i.e., such that i*Fy = n* fi (k = 1, 2), for uniquely determined functions
f1, f2€ C2(S), then

i*{F1, R} = 7*(f1, f2)s. 3

Under certain regularity assumptions, we know that (S,ws) is symplectomorphic to
(T*m, w,, = d6,) and so, it is the natural candidate for the physical (or reduced) phase
space of the physical system (see [3]).

Now we assume that the intrinsic dynamics of our gauge system is generated by a
quadratic function in momenta of the form

H=3G+Jy+V, (4)

where G is a contravariant metric (eventually degenerate) on M, viewed as a function on
T*M, U € X (M) is a vector field in M and V € C*(M). We have the following Poisson
brackets, involving the new kind of homogeneous quadratic function G.

Proposition 2.2 ([1]).
(1) {G,F}Y = —2Jgrad,, F» where gradg F is the vector field G(dF,.) € X(M),
(ii) {G, Jx} = LxG, the Lie derivative of G in the direction of X € X(M),

VF € C®(M), VX e XM).

Now we consider the equations of motion, which follow from the canonical action prin-
ciple, for a parametrized gauge system:

S(QA,PA;N,N“)zjdt(PAQA — N-H-N%*.H,) —> stat., (5)
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where (Q#, P4) are the local canonical coordinates in 7*M; N, N® Lagrange multipliers
and H, = Jx, are the momentum functions associated to a local basis X, (@ =1, ... ,v)
of the Gauge Distribution D on M.

Following the physical terminology, we call the H, the Supermomentum Functions and
H the Superhamiltonian of the (parametrized) gauge system (see [5] for discussion and
examples).

Variation with respect to Q4 and P, yields the Hamiltonian equations; while variation
with respect to the Lapse Function N and the Shift Vector Field N, leads to the constraints

H=0=H,. (6)

So, we recover the Kinematical Constraint Set C, defined in (2), together with a new
Dynamical Constraint H = 0, that reveals the fact that the system is invariant under
external time reparametrizations.

Assume that g = H~'(0) is a submanifold of T7*M. Since codim Cy = 1, Cp is
coisotropic and is foliated by the trajectories of Xy (the Hamiltonian vector field asso-
ciated to H) that represent the evolution of the system. For consistency, we assume that
the full set of constraints (6) is preserved by the dynamics, which means that Cy N C is
coisotropic, i.e., we have

(H,Hq) = CoH + CL Hp, 7

where H, = Jx, are the supermomenta associated to a local basis X, of D, C, € C®(M)
and Cf € C°(T*(M)) is at most linear in momenta. If the local basis X, for D verifies

(X, Xp] = —rayﬁxy ®

with Fa};ﬂ € C*™(M), then the Algebra of Constraints H = 0 = H, has the following
(open) structure:

{Ho, Hp) = I'j3Hy, 9
{H,Hy) = CoH + CE Hp, (10)

H is given by (4) and, working equality (10), using Propositions 2.1 and 2.2, we conclude
the following identities for the Lie derivatives in Gauge Directions:

LyG = CoG(mod I); (11)
LoU = CoU(mod I); (12)
LoV =C,V, (13)

where 1 is the ideal of the contravariant tensor algebra Q) 7'M, generated by I'D and L, is
Lie derivative in the direction of X, € I'D. So, this Lie derivative rescales the fields by a
common factor and adds certain elements from 1.

All the conclusions about the physical content of the gauge system described by the above
model, must be deduced only from intrinsic data, namely, from the Kinematical Constraint



J.N. Tavares /Journal of Geometry and Physics 18 (1996) 381402 385

C, determined by the foliation JF, and the Dynamical Constraint Cy, given by H = 0. So,
they must be invariant under transformations that preserve these data. We impose also that
these transformations preserve the polynomial character (in momenta) of the constraints
(this will be needed for the quantization program, as we shall see later, and is related to Van
Hove’s theorem (see [1, Section 5.4])). So, they must be a combination of the following
three types of transformations:

(a) Change in the local basis for D:

Xo = Xo = APXg, (14)
where Ag € C®(M), det Ag # 0, with the corresponding change in supermomenta,
Hy — Hy = APHp. (15)
(b) Gauging the superhamiltonian:
H— H=H+ A"H, (16)

with AY € C®°(T*(M)), at most linear in momenta.
(c) Scaling the superhamiltonian:

H—>H=¢%H (17

and e e C°(M). To preserve the signature of the metric we only allow positive
scalings.
Note that the above transformations do not leave invariant the superhamiltonian H, given
by (4). In fact, after an easy computation, we deduce that,.if

H-oH=1G+1;+V

then
G =e%(Q)G (mod1), (18)
U =e“(Q)U (modlI), (19)
F=e"(Q)V. (20)

Let us say that two superhamiltonians H = %G +Jy+VandH = %5 +Jgp+V,are
Conformally Equivalent (mod 1), if they are related through (18)—(20).

Then we conclude that the above transformations (a)—(c), leave invariant the conformally
equivalence class (mod I) of the superhamiltonian.

3. Transversal geometry of T

The transversal geometry of F is infinitesimally modeled by the normal bundle T M /D.
We make a choice of a transversal subbundle 7 to D,

ToM =Dgp & Tp 20
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which identifies TM/D = T. Vectors on D are called Longitudinal and vectors on 7 are
called Transversal. Associated to (21), we have two projectors

d=P &Py, (22)
a decomposition

TQ*M = DQ* D TQ* (23)
with 7, 5 = D%, and the two corresponding projectors

1d* = P"* [43) PJ_*. (24)

We can form various tensor products of these projectors, using them to project the various
tensors into longitudinal and transversal parts. In particular, the choice of the Transversal
Gauge T allows us to define the Transversal Superhamiltonian H, by

H =1G +Jy +V, (25)
where

G =(PL®P)OG) (26)
and

Uu,=prPU (27

are the Transversal Contravariant Metric and the Transversal Vector Potential, respectively
(associated to G and 7).

So, the transversal gauge 7 fixes a representative of the equivalence class of super-
hamiltonians, connected by the Gauging (b), since the difference between two transversal
projections of the same vector belongs to D.

Let us compute the constraint algebra in the transversal gauge 7. For this, we compute
first L,G, and L, U, using the fact that L, is a tensor derivation that commutes with
contractions,

Lo(C(PL® 1) =C(LePL®1) +C(PL® Lat), (28)

where C is a contraction, P a transversal projector (a tensor product of some P, and P, *)
and ¢ some tensor field on M.

Define for each «, 8 € {1, ..., v} a transversal 1-form (i.e., a form which annihilates
longitudinal vectors) a)g by

w0l = (L. P})(6%), (29)

where 67 € I"'D* is the dual basis to Xg € I'D. A computation, using local frame fields
for D, T, their duals and also formula (28) (see Appendix A), shows that

LoUL = CoUL + 0f(UL)Xp = C,UL (mod D), (30)
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LoGy = CoG1 + VPV Xg = Co G (mod ), (31

where Vf = G(a)g, .) is the transversal vector field metric-equivalent to a)f,3 ,and Vv denotes
symmetric tensor product.
Finally, using (30) and (31) together with Propositions 2.1 and 2.2, we deduce that

{Hi, Hy) = CoH| + FP Hy, (32)
where FY € C®(T*M) is given by
Ff = Jys = B (UY). (33)

Now we arrive at a crucial point — the definition of a I-form &, on M, attached to
the geometry of the gauge system as specified by the constraint algebra (9) and (10). So,
consider the longitudinal 1-form

6 = Cy67%, (34)

where 0% € I'D* are dual 1-forms to the X . It is easy to see that @ is a globally well-
defined longitudinal 1-form on M. We want to compute its Foliated Derivative d r® (i.€.,
the derivative along longitudinal directions, see [16]). For this, we first note that Jacobi
Identity

cyclsum{H, {Hy, Hg}} =0 (35)
implies the following identity:
{Cq, Hp} — {Cp, Hy} = rayﬂcy. (36)
So, recalling that Cy, I'yy € C*°(M), we deduce that
LyCq — LoCp = Tj5C, (37)
and finally

drO(Xe, Xg) =dO (X, Xp)
=Xo - O(Xp) — Xp - O(Xq) — O([Xe, Xp])
=LoCp — LCa — O(—T 5 Xy)
=LoCp — LgCo + I'}sCy
=0,

i.e., @ is dr-closed. Recall that a kind of Poincaré Lemma (see [15]) applies to this case —
locally, there exists a function 2 such that ® = dr$2, i.e.,

OX)=Lx$2, YXelD. (38)
In particular, for X = X, we have

Co = LyS2. (39)
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Consider now the Transversal Contravariant Metric § = G|po = G | |po (see Appendix
A), that we assume to be nondegenerate. Let g be the associated transversal covariant metric
onT = T* =DV A computation made in Appendix A (see also the note following
Definition 4.1), shows that

Lag = —O(Xa)g. (40)
Find a function £2 that locally verifies (39) and define the rescaled metric g by

g=e"g 1)
Then we have

Log = La(€?g) = (Laf2)§ +€“Lag = Caf — Cag =0

and we see that the rescaled metric is foliated (i.e., constant along the leaves of F), or, put
another way, g is locally conformal to a foliated metric.

According to Montesinos (see [10,11] and Section 4) we say that F is a Conformal
Foliation and that

A=-6 (42)

is the corresponding Complementary Form.

One more point, before closing this section.

Recall that a choice of a transversal subbundle 7', fixes a representative H, in the equiva-
lence class of superhamiltonians connected by the Gauging Transformations (b). However,
we are still free to rescale the superhamiltonian according to (¢). When we do this, and
compute the new structure functions in (10), we see that

Cy = Cq=Cq+ Lo$2 (43)
and
ct - ch =ech. (44)

Hence we conclude two things: first, the dx-cohomology class [A] remains unchanged.
In fact

O — 0O = (Cy — Co)0* = (Lo 2)6% = dxR2.

Secondly, as A = —© is dr-closed, locally we can choose a function £2 such that
dr$2 = A, which implies in particular that dz§2(Xy) = Lo2 = A(Xy) = —Cq, and so,
by (43), Cy = 0, for the corresponding rescaled superhamiltonian H = e H.

If we can find globally such a £2, i.e., if A is d z-exact, then

L,G=0=L,U=0= L,V (modI) (45)

and so the fields G, U, V are projectable in the (leaf) physical space (when it exists). How-
ever, note that £2 is defined up to a function w such that dr@ = 0, i.e., up to a basic function
(constant on the leaves of the foliation F).
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So, when the foliation is simple, we will have a physical superhamiltonian £, defined up
to a multiplication by a function e, with w € C° (M) a basic function. In other words,
the gauge system only determines the conformal geometry in the physical configuration
space. Moreover, in this case, if 7 : M — m = M/F, denotes the canonical projection,
then, as m, = dm annihilates I, we obtain a class of conformally contravariant tensors
onm, (¥ - g,e¥ - P, e¥ . v), w € C®(m) and also a class of conformally physical
superhamiltonians

W) =1{e¥(g+ P, +v): we C®m)). (46)

4. Geometry of conformal foliations

In the last section, we have seen that the gauge system determines the structure of con-
formal foliation on F. To be more specific, we adopt the following definition from [10,11].

Definition 4.1. Let M be amanifold, D an integrable distribution, 7 atransversal subbundle
to D and g a covariant metric on 7. We say that (M, D, T, g) is a Conformal Foliation, if
there exists a longitudinal 1-form A such that

Lxg =i(X)g, VX eTID, (47)

A is called the Complementary Form of F.

Note. In Eq. (47), Lxg, X € I'D, is defined as in Eqgs. (97), (98) of Appendix A.

Now we collect some facts about conformal foliations (see (10,11,14]).
Let V be a linear connection on the vector bundle 7. We define as usual its curvature and
torsion, respectively, by

RWU,.V)Q =(Vy,Vyv]l = Viy. vDQ, (48)
TWU,V)y=vyV, —VvyU, —(U,V],, (49)

where U,V e X(M)and Q € I'T.
Define DP-9 as the space of (p, g)-double forms on M, i.e., the space of p-forms on M
with values on transversal g-forms (which annihilate vectors on D),

DPi = /p\T*M ® /q\T*. 50

With R and T we associate two double forms K € D*? and N € D* ! defined, respec-
tively, by

KWU.V: 0,9 =¢gRU,V)Q.,S5), (51

NWU,V: Q) =3g(TU,V), Q) (52)
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and also the Transversal Torsion N , of V by

N (U,V;)=NUL,V.;.) (53)
YU,V e X(M),VQ,SeI'T.

Definition 4.2. We say that a linear connection V on the Riemannian vector bundle (7, g)
is g-Riemannian, if it verifies the following two conditions:

® U-8(Q.5)=¢MyQ,9) +8(Q,VyS) (54
and
(ii) NJ_=0 i.e., VULVJ_—VVJ_UJ__[UJ_,VJ_]J_ZO (55)

YU,V e X(M),¥Q,S € I'T. (Note that we are only assuming g nondegenerate).

For example, if G is a covariant metric on M , such that GI’T = g, and if V is the
Levi-Civita connection of G, then

VuQ = (VyQ), (56)

is a g-Riemannian connection on (7, g). So g-Riemannian connections are not unique and
itis difficult to define a natural conformal curvature tensor for the transversal bundle (7', g).

However, by a careful analysis based on an early work of Kulkarni, Montesinos succeeds
in isolating a class of conformally equivalent connections, on which he defines a conformal
curvature tensor.

Note. For motivation, recall the classical theory: conformal (Weyl) curvature is a tensor
field associated to a class of conformally equivalent Riemannian connections and which is
conformal invariant,
g—g=¢g,
V =V, — V = V,, defined by
VxY = VxY + (XF)Y + (Y)X
—g(X,Y)grad, f,
K(Riemann tensor) —> K = 2/ K—-..)
C = C (Weyl tensor).
Here the difficulty is in the analog of the second line in the above scheme — what must

be V = Vg? Montesinos answers the following: let V be any g-Riemannian connection on
(7, g)- Then there exists a unique -Riemannian connection V, given by

VuQ=VyQ+(Q - 20U+ U-2)0 —gU; Q)Z. (57)
Its torsion N is

- N=e(N—g A @WdQ)). (58)
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Note. The meaning of the symbols in the above equations is the following: g is interpreted
as a (1, 1)-double form defined by g(U; Q) = g(U., Q); (d2); € D" is defined by
d2) (V) = d)W)) = @2 (U); g A (dR2)) € D% 1 is defined in the usual way by
g A d2) (U, V; ) =g, )dR2))(V) — g(V; )(dR)(U) and finally Z = grad | 2 =
¢ 1(dR|T,.) € I'T is the Transversal Gradient of 2 € C®(M) (see Definition 4.13).

Definition 4.3. We call V, given by (57), the Connection Conformally Associated to V., by
the conformal scaling

g—>g=¢e%, QeC®M). (59)

Based on this class of conformally equivalent connections [10] proceeds in the construc-
tion of a conformal curvature tensor, in the following steps:
(1) First, he proves that, given a w € D**1-/+1 with b = v — k — [ > 1, there exists only
one Sw € DX ! such that (see [10, Theorem 3.3])

clw—gAdw)=0.
Here ¢ means contraction: for an o € D*t1-/+1 we define ca € D*! by

ca(Uy, ..., Uk; Q1v .., QD = D €a(Eq, Un, ... Ui Eas Q1 -, Q1)
a

where E, is an orthonormal frame field for I'7 and ¢, = g(E,, E,).
With this, he defines a Conformal Operator conf : D¥T1-1+1 . DE+LI+1 by

confw=w — g Adw (60)

so that c(conf w) =0.
(2) In particular, for K € D22 given by (51), we define the Conformal Curvature Tensor
Cby

g(CW,V)Q,S) = (confK)(U,V; Q,S). (61)

(3) Making a conformal change in g: g — g = g, 2 € C®(M), we can prove that

@) conf = conf
and that
(ii) confK = e2“conf(K — N A d2|7).

So, denoting by C the conformal curvature given by (61) and constructed with V, given
by (57), we see that
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e (CW,V)Q,8) =g(CW,V)Q,9)
=confK(U,V;Q,S) by(61)
=confK(U,V; Q,5) by (i) above
~e??conf(K — N AdR|T)(,.;.,.) by (ii) above
=e?Pconf(,.;.,.) — (N AdRIT)(., .5 .,.)

and we conclude that C is conformally invariant (C = C) iff
conf(N AdS2|7) =0, V2 e C®(M). (62)

Now comes the main point, namely, the existence of a conformally invariant conformal
curvature for the transversal bundle 7 of F, an exclusive property of conformal foliations
(see [10, Theorem 4.2]). For us, the main interest is in the following theorem.

Theorem 4.4, Let (M, D, T, g) be a conformal foliation with complementary form X, and
assume that codim D = n + 1 > 3. Then there exists a unique g-Riemannian connection
on (7, g) such that C is conformal invariant.

Sketch of proof. Let G be any metric on M such that G|T = g, and let V be its Levi-Civita
connection. Define a connection V on (7, g) by the formula

VuQ =y — VUL +IraU)Q, YU e XandQ e I'T. (63)

We can prove the following facts:
(i) Vis g-Riemannian,
(i) N=3(np),
(iii) Ky = 0 where Ky(U, V;..) = K(U},V); ..),ie., V is Flat in longitudinal directions,
(iv) VX € I'D

VxQ =(LxQ)1 + 3 A(X)Q. (64)
Now we deduce, by computation, that (ii) implies (62), so that V solves our problem.

Conversely, (62) implies that the torsion N must be given by (ii), and so V is unique. O

Definition 4.5. We say that the conformal foliation (M, D, T, g) is Conformally Flat if,
for each m € M there exists a neighborhood I/ of m and a function 2 € C* () such that

K = 0, where K is the curvature associated to g = e*? g (and to the connection given by
Theorem 4.4).

Theorem 4.6. IfcodimD =n + 1 < 2, then T is always conformally flat. Forn + 1 > 4,
T is conformally flat iff C = 0.

Note. The case n + 1 = 3 requires a special treatment (see [ 10, Theorem 4.3]).

Now we introduce some more definitions and computations, which we will use later in
the quantization program. First note that K = 0 implies that we can choose an orthonormal
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longitudinal parallel transversal frame (in short, an OLPT frame) E,, i.e., g(E,, Ep) = 0,
fora #b; g(E;, E;) = €5(= 1) and VyE, =0,YX € I'D.

In the following, E, always designate such an OLPT frame for I"7, and V the connection
given by (63). If X, is a local frame for I"D then (64) gives

0=Vyx,Es = (LoEa)1 + 5 MXa)Eq
and, by (26), with A = —@

LoE, = § CoEq + 0b (Ex) X (65)

Definition 4.7. We define the Ricci Tensor Ric € D! by the formula

Ric(X; Q) = (cK)(X; Q) = ) €aK(X, Eq; Q, Eq). (66)

Lemma 4.8. Ric(X; Q) = 1ndO(X, Q).

Proof. We make use of the following identity from [10]:
cyclsumK(X,Y;Z,,.) = —% cycisum dO(X,Y)g(Z4,.)
to compute K(X, E;; Q, E;). We have that

K(X,Eqs; Q. Eq) = —5dO(X, E;)g(Q, Eq) — % €,d0(Q, X).

Multiplying by ¢, and summing over a = 1, ..., n, we get easily the result, using
Y a€a8(Q.E)Eq = Q. 0
Definition 4.9. For Q € I'T we define the Transversal Divergence of (, as the function

diviQ =) €g(VE, Q. Eq). (67)
a
Lemma 4.10.
Xy - div iUy = Codiv U + 1 (n — 1)dO(Xo, Uy). (68)

Proof. Omiting the symbols ), and L in U and div,, we have

Xo -divU =Xy - €,8(VE, U, Ey)
= €8(Vx, VE,U, E;) + €8(VE,U, Vx, E,)
= €8(VE,Vx U + Vxa, Eq)U + R(Xo, E)U, E)
=€a8(VE,(3CaU), Eq) + €ag(V U, Eq)
+Ric(Xy; U),

1/2 Co Ea+el(E0)X

where we have used (65) for Lo E; = [Xq, E,] and the fact that Vx U = %CO,U (use (64)
together with (24)). So, computing we obtain
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Xo - divU =} €.8(Eq - Ca)U + CoVE, U, Eq) + 3€a8(CoVE,U, Eq)
+eawh (Ea)g(Vx,U. Eq) + Rie(Xa, U)
= €4 dCo(Ea)g(U, Eq) + 3€4Ca8(VE, U, Ea) + $€4Cag(VE, U, Eq)
+eawh (Ea)g(3CpU., Eq) + Rie(Xy:; U)
=1dCa(U) + $Cpok (U) + Co div U + Rie(Xa: U)
=1dOW, Xy) + Co divU + Ric(Xy; U),

where we have used the following:

U-Coa=U(O(Xa))
=(Ly®)(Xq) +O(U, Xa])
= (iy dO + diy©)(Xqo) + O(—CoU — CEXp)
=dO(U, X,) — CpCE (69)

with 2 = o ().
Finally, using Lemma 4.8, we obtain

Xy divU =CodivU +  dO(U, Xo) + 31 dO Xy, U)
=CodivU + § (n — 1) dO (X, U). a

Finally, we want to define a kind of scalar curvature for the connection V, given by (63).

Definition 4.11. We define the Scalar Curvature of V by
S =cocK = cRic.

We need the longitudinal derivative of S, X - S. For this, we first recall the Bianchi
Identity for the connection V on (7, g) (see [13, p.89])

CyCl(U‘ vV, W) VUR(V, W) = CyCl(U, vV, W) R([U, V], W) (70)

Recall that (VyR(V, W) (Q) = Vy(R(V,W)Q) — R(V, W)(Vy Q). Taking the inner
product with another § € I"'T, and using the properties of V, we easily see that we can
write Bianchi’s Identity in the form

cycliy v wyU -K(V,W; 0,85 —K(V,W; Q,VyS) —K(V,W; VyQ,85))
=cycly, v, w) K(U, V], W; Q,5)). Y

NowputU = X4,V = E,, W = E4, Q = E;, S = Ep in (71) and compute the
contractions in the pairs of indices (d, b) and (c, a), respectively, using formula (69) and
the fact that Ny = O (see Definition 4.2(ii)). After a tedious calculation we conclude with
the following lemma.
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Lemma 4.12.

XoS = CaS —n(2VE - Cp+ Cpdiv, VF + Cpol(V)) + AC,), (72)
where

VE =) €awf(Ea)Ea = ™k (Ec)Eq (73)

a

is the transversal vector field metric-equivalent to the 1 -form a)g , and ACy is the Transversal
Laplacian of C,, defined in the following definition.

Definition 4.13. For a function ¢ € C*°(M) we define its Transversal Laplacian A by
A¢ =div, grad | ¢ (74)
where grad | ¢ = Za €. do(EE, = n”b(Ea - ¢) Ep 1s the Transversal Gradient of ¢.
We can compute that
Ap=>"€ag(Vg, grad ¢, E,) (75)
a

=1 (E,Ep — VE, Ep)o. (76)

5. Quantization

When we face the problem of quantizing a gauge system, two different approaches are
conceivable, in principle. We can reduce the gauge system to the physical system (if possible)
and quantize or, either, quantize the gauge system directly and then reduce by some Quantum
Reduction Process. Hopefully, these two processes must be consistent, i.e., schematically
the following diagram must commute: (see discussion in [8,5])

Classical
Gauge System Reduction Physical System
Quant. Quant.
Quantum
Quantum Reduction Quantum
Gauge System Physical System

As we have seen in the preceding sections, the reduced physical system (when exists) is
characterized by a conformal class of physical superhamiltonians,

h=e’(g+Ju+v), weC®m)
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Moreover, the dynamical constraint remains after reduction: 2 = 0. So, the proper way
of quantizing this relativistic physical system is through a Conformal Klein—-Gordon type
equation.

Note. Recall that an equation of type Dg@ = 0, for a field & (where D, is an operator
constructed from the metric g), is called Conformally Invariant if there exists a number
k € R (called the Conformal Weight of the Equation or of the Field) such that @ is a
solution of Dg® = 0 if and only if ® = e*“ ¢ is a solution of DzP = 0, where Dy is the
same operator but now constructed from the metric § = e g, (see [17]).

Now we define the Quantum Operators corresponding, respectively to g, J, and v, by

g=—-Ac=—-4;,—§S,, an
Ju = /0 (u + § divgw), (78)
p=v (79

acting on C*°(m), where A, = Az + £S; is the Conformal Laplacian of the metric g
(here, A; and S, are, respectively, the usual Laplacian and scalar curvature of g), and
E=(n—1)/4n.

Then it is easy to see that the Conformal Klein—-Gordon Equation

hy=@+J.+9Hy =0 (80)

is conformally invariant with weight k = (n — 1) /4.

Of course, now we must face the problem of the possibility of construction of an Hilbert
space from solutions of (80), as well as the interpretation of the theory (one-particle, second
quantization, etc.) (see {7,2], for which we defer the discussion of these subjects).

What about Constraint Quantization? Here we adopt Kuchai’s philosophy, reinforced by
the essential unique character of the objects defined in Section 4, namely, the connection
V, the corresponding scalar curvature S (Definition 4.11) and transversal Laplacian A
(Definition 4.13).

So, we quantize the supermomentum constraints H, by the following operators:

H, = (1/i) (Xo — kCq) (81)

and the transversal superhamiltonian H, , by

ﬁL=g+jUJ_+V (82)
with

g=-A-15 83)

Ju, = /) UL+ Ydiv Uy, (84)

v=v, (85)

acting on C®°(M).
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Then the classical constraints are imposed at quantum level as the Quantum Constraints
Hoy =0=H,y, v ecC®M). (86)

As we have said, this Quantum Reduction Process must be consistent with the first
approach to quantization (see discussion in [8,5]). This is implied by the following lemmas
and theorems.

Theorem 5.1.
(1/i) [Ho, Hp) = T} H,
where I"a);g € C*®(M) are given by (9).
Proof. Compute, using definitions and (37). 0O

Lemma 5.2.
(1/iy Ju,, Hyl = Cody, + 02U HHG,

where Co = @(Xy) and wh (U ) is given by (30).

Proof. Using definition (84) we compute the commutator in the LHS of the above equation,
and conclude that

/D)y, Hyld = (Cody, + B W DHR)Y + (k/)) (UL - Co + b (U 1)Cp)
+ 5 (Xq -diviUL — Codiv Uy,

However, by (69), U, - Cq 4+ Cpwl(UL) = dOU_, X,), while Lemma 4.10 gives
X, -div U, =C,div U + %(n — 1)d®(X,,U ), and so we see that the last sum in
the RHS is zero. 0

Lemma §.3.

(1/i) (8, Hol = Co +2(VE — Liwf (V) Hg,
where Vf is defined in (73), and, as usual (see [1])

V8 = (/1) (v + Laiv, vE) (87)
with div | V£ as in Definition 4.9, Eq. (67).
Proof. First we compute that

(1/0)[8,Hal = [A, Xo] — k[A, Co] + €[S, Xa] (88)
and it is easy to see that

[A,Cy] = 2igrad, Cy = 2(grad, Cq + 3 AC,) (89)
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and
[S, Xo] = —Xo - S. (90)
So we must compute [A, X, ]. For this, we use Egs. (75), (76) for A¢ and compute that
(A, Xo1¢ = 1°°(EaEbXo — XaEaEp)p + n**(XaVE,Ep — VE,EbXo)p.  (91)
Now we commute the derivatives and use systematically (65), to get
XoE.Ep¢ = EqEpXat + CaEqEpd + 3(Eq - Co) Epdp + wg(Eb)EaXﬂ¢
+(Eq - 0§ (Ep))Xp¢ + 0f (E) Ep X p¢
+ 1 Cpwh (Ea) Epg + 0f (Ea)w)y (Ep) Xy ¢
and
(XaVE,Ep = VE,EpXa)p = (CaVE,Ep + R(Xy. Ea)Ep + 0B (VE, Ep) Xp)o.
Substituting these last two identities in (91), we obtain
[A, Xolp = —Co Ap — 2V +div  VE + 0P (VI)) X0
—L(grad, C, + CsVE — 20“PR(X 4, E,)Ep).
Now we use the fact

n“’R(Xar E)Ep =1"*Y_€.K(Xa» Ea; Ep, Ec)Ee
c
=—Y €n"’K(Xa, Eq; Ep, Ec)E,
C

=1nY €c(Ec - Co + Cpuli(Ee))Ee
=1 n(grad, C, + CpVY),

where we have used (69), Lemma 4.10 and (73).
By [13, p. 151], we have

div, V2 = diviof = 1°0(Vg, ) (Ep) = 1°° (B4 - 0P (Ep) — 0 (VE, Ep))
and so, substituting and calculating, we have
(A, Xalp = —Cal¢ — CabS¢ +2(VE — Liwl (V) Hpo
—kQVE - Cp+ Cpdiv VP + Cpf (V)9
+2k grad| Cop + CoES¢.
By (89)—(91), we have
(/) (8, Halp = Cagd +2(VE — Liol (VI )Hp
=—k@2V{ - Cp+ Cpdiv VP + Cpof (V) ))o
+ CokSP — kACy — E(Xy - S)
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and so, it suffices to prove that
EXq -8 =ECeS —kQQVE - Cy+ Cpdivi VP + Cpof(VY) + ACs)

which is precisely Lemma 4.12. 0

Now, collecting the above two lemmas, together with (13), we finally have the following
theorem.

Theorem 5.4.
(/) (A, Hy) = Co.H1 + CEHp,
where C& = 2VE — i (V) + 0l (UL).

So, Theorems 5.1 and 5.4 show that we have a closed commutator algebra of quantum
operator constraints, with the structure functions appearing on the left of that quantum
operators. This implies the consistency of the above quantization process. Moreover, we
recover the physical theory described by the Conformal Klein—-Gordon Equation (80). In
fact, start with a wave function ¥ € C° (M) that solves the quantum constraints (86).
Assume also that the foliation F is simple, and that @ is dx — exact, i.e., 32 € C*(M)
such that ® = —d 2. Then we easily prove that the rescaled wave function ¥ = ek
is a basic function and so, descends to a wave function ¥ € C*®(m). Now, as in [6], we
can prove that the transversal superhamiltonian H | has conformal weight 1, when acting
on wave functions of conformal weight £, i.e.,

H U= D2H v, (92)

where ¥ = &%y and H 1 is the transversal superhamiltonian constructed from the
rescaled metric g = ng. So we see that (86) = fILtI/ =0= H ¥ =0, and, since ¥ is
basic, this equation implies that

e

¥ =0, (93)

where ¥ is the induced wave function on m. In this way, we recover the physical conformal
Klein—-Gordon equation (80).

Appendix A
Hereafter we adopt the following notations, related to decompositions (21)—(24):

Q4 are local coordinates on M.

94 =0/00%,and 9% =dQ*, A=0,...,N.

Xy = X(;“BA,alocal frame field for F'D,a =1, ..., v.

Q. = Q0294,alocal frame field for 'T,a =0, ...,n.

(6%,6%), adual coframe for D@ 7T.sothat9* € I'D*,0% ¢ 'T* = I'D° (we may
assume that 9¢ are closed 1-forms), 8% (Xg) = ag,ea(Qb) =67.0%(Q4) =0 =09(Xq).
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G = G483, ® 33, a contravariant metric on M.
F=G|(DP=T*.

The projector P, : TM — 7T can be written in the form
PL= Q0. ®6%) = Q70395 ®3" =PLap®d"
and the transversal metric G | is
GL=PL®PI(G)=Qa®6°® 0 ®6"(G""34 ® 35)
=GB QC 0% 0F 043¢ ® 3r = GABP{PEac ® 3.
From
8% = G(6°,6") = G*P0a ® 3p(QE0°, 0507 = G705 0%
we can also write
G1=3"0Q5 0, ® k. (94)
Now it is easy to see that
Lo6® e D°=T*, Va,a. (95)

We compute now Ly P| = Lo (Q, ®69): first we decompose Ly, Qg = tg,, O+ lfa Xg.
However, we have

0= Lqo(0%, Qu) = (Lob®, Qu) + (6%, Lo Qu)

and by (94), we can put Lo6b = ré’ de and deduce, from the last equation, that té’ . = —rga.
So, reuniting these information, we easily compute that

LoPL =18, X5 ®06°, (96)

where 15, = 08(L, 0,).
Now we compute L, U, , with U = P, (U) and U € X(M). By (28)

LoU) = Lo(P) o U)
=(LaP)eU+ P e (LU)
= (l‘faXﬁ R YU Q. + uﬂX,g) + P, (Cq + long. vector) by (12)
=18 u'Xp +CoUy,
and recalling the definition of the 1-form wg in (29), it is easy to see that wg = 1506“ and
so we can write L, U also in the form (30).
Now we compute L, G | . Again by (28), we have, with P} = P, ® P,

LaG| = Lo(PL ¢ G)
=PLe(LyG)+ (LaP1) G
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=P, ¢ (CoqG+termsinl) + Lo(PL @ P1) e G

=CyG L+ (LePL®PL + P, ®LyP) oG

=CoGL+18Xs00°® 0, ®6° + 0, ®6°
R, Xp ®6°(3Qc ® Qu)

=CoG L + 18,50 Xs ® 0y +1%,5" 01 ® X4,

where we have used (11) and the fact that 6¢ € DY. Now, let Vf = G(wg, ) € I'T the
transversal vector field, metric-equivalent to the transversal 1-form wg, given by (29). We
compute that Vf = lga g% 0y, and so we see that we can write L, G | in the form (31).
As in Section 3, we assume that § = GIDY =G |DVis nondegenerate, and let g be the
corresponding transversal covariant metric on 7. We want to compute L, g. For this, we
first note that L, g must be a covariant transversal vector field, since g = g0 ® #” and

Lq0° € D°. So, we compute (Lo §)|7, since it suffices to compute Lyg. We have

(La8)(0°,6%) = (Lo G1)(6°,6")
=(CaG1 + VIV Xp)(6°,6%)
=CoG . (6%,6") since9? € D°
=Cag(6°,6%) by (94)

and so, defining Ly g as

(La8)(Qu, Ob) = 8acgba(La8)(6%,6") (97)

we conclude that Ly,g = —C,g. Notice that if G is a covariant metric on M, such that
G(D,T) = 0, then definition (97) of Lg is equivalent to

(Lag)(Qa, Qb) = (La G)(La, Pb). (98)
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